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Abstract-The present author’s model of turbulent viscosity published in Int. J. Heat Mass Tramfkr 26, pp. 
479-508,1983 was applied to anafyse the conditions in the transition region between laminar and developed 
turbulent pipe flow, making use of the Ro~fus’ex~rimental data from &em. Eng. Prog. 4, pp. 533-538,1953. 
Theoretical value of the critical Reynolds number ReCrit = 2295.18 for transition from laminar to turbulent 

pipe flow was determined from the limit values of turbulent transport characteristics. 

1. INTRODUCTION 

IN [l], A MODEL of eddy viscosity was developed from 
the idea that the turbulent transport is caused by two 
stochastic processes. The course of the eddy viscosity is 
assumed to be similar to Rayleigh distribution of 
probability density of the reach of these processes into 
the flow. The following relation for the relative eddy 
viscosity is given in [l] 

~=~iY[enp(-~)-erp(-$)] 
V 

+(2-Y) exp( -iY?Lj!T) 

-exp - 
( 

I- I 

(2 - Y)Z 
~ -(2fY) 

%v >I 
x kxp(--q)-exp(-T)] 

-(4-Y)[exp(-e) 

-exp( - ~)I~. (1) 

In the expression for eddy viscosity the terms 
containing the coordinate Y represent the basic effect of 
the wall. For symmetry reasons the terms containing (2 
- Y) were included. Small corrective terms containing 
(2+ Y) and (4- Y) and representing negative mirror- 
like functions outside the range (0,2), which are 
practically ineffective in the transition flow region 
computations and can be neglected, were introduced to 
obtain the exact zero values on the wall. The stochastic 
processes considered have the relative average reach 
into the flow 

rl = + Jw,: CW 

rlw = 3Jhd. P-4 
The dispersions c$ and &, of these processes are 
considered to be conformable to the Zhukowsky 

numbers Zh, and Z/z,,, representing the time scale of 
the eddy elements 

CT: = 2% 
4-n 

= d - a, 
4 

a:, = Zh 
4--n 

ow =-CC,. 
4 

2. TRANSITION FLOW REGION 

The region of flow transition has been analysed by a 
procedure identical with that of the preceding paper 
[ 11, where the coefficients in the model ofeddy viscosity 
were determined for the fully developed pipe flow 
region within the range ReE ( 104, 106). Values of 
Fanning friction factorf; velocity U, in thecentre of the 
pipeafterRothfus[2],and theconditionofminimumof 
mean value of relative eddy viscosity along the pipe 
radius, (e/v), = A(1 -a,/cc) = A, were used in the 
determination of the coefficients A, a, and TV, in the 
expression (1). At Re = 104, there is not an exact 
agreement between the Rothfus’ data and the data of 
Nikuradse, used in [ 11. The initial values offand U, for 
particular Reynolds numbers are presented in Table 1 
together with the computed values of coefficients A, ~1, 

and tl,. The table also includes the coordinates of the 
inflexion point of eddy viscosity, Y,, determined from 
the condition d2(E/v)/dY2 = 0, dimensionless coor- 
dinate ofthe inflexion point, y: = ,/( f /2)(Re/2)&, the 
location of the point where the eddy viscosity E equals 
the kinematic viscosity v, Y, = y and y&Y, the turbulent 
energy production rate, y, determined from the 
relation (4) 

( ) 
2 v=t ,;: 3 (4) 

the location of the maximum production of turbulent 

energy, X;,,, and Y&,,, determined from the condition 
dW$/dY = 0, and the value of the coefficient of 
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NOMENCLATURE 

A coefficient in the expression for eddy Greek symbols 
viscosity tl coefficient in the expression for eddy 

R relative radius, r/r,, or 1 - Y viscosity 
u relative local velocity, u/u,$ 1’ kinematic viscosity 

W turbulent energy production rate t shear stress 
Y relative coordinate, v/rM,. or 1 -R P density of mass 
Ho criterion of homochronicity. u,t/r, 02 dispersion 
Re Reynolds number. 2u,r,lv V mean reach of a stochastic process 
Zh Zhukowsky number, vt1r.t. f: eddy viscosity. 

a, h coefficients 

I Fanning friction factor Subscripts 

Y heat flux density Y related to the relative coordinate 
r radius 0 valid for the centre line 
t time s mean, bulk 
11 velocity in the .Y direction 1 turbulent 
u* friction velocity, J(z,/p) N’ related to the wall 
UC dimensionless velocity, U/U* 0 corresponding to dispersion 

.x, .\? coordinates in inflexion 

r.+ dimensionless coordinate, u*~/v. crit critical 
max maximum. 

proportionality of eddy viscosity near the wall to the 
third power of the wall distance Y, K = 2A,/cm,,, 

10. 

R 
- = k’y’. (5) 
1’ 

In Fig. 1, the course of the relative total viscosity 
(v +E)/v is displayed depending on the relative wall 
distance Y for individual values of the Reynolds 
number Re. Proportionality of eddy viscosity near the 6’ 10. 

wall to the third power of the wall distance can be seen 

Fro 2. Dimensionless eddy viscosity near the wall 

in Fig. 2, where the course of the dimensionless eddy 

viscosity 

E + = (8/V) ,,kRQ) 
is plotted depending on the dimensionless wall distance 

Y+ = JfT(Re/2)Y near the wall. Figure 3 shows 
computed dimensionless profiles n ’ = ,f‘(y ‘, Re). Local 
velocities were determined from the relation 

FIG. 1. Total relative viscosity 
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FIG. 3. Dimensionless velocity profiles. 

and further transformed into a dimensionless form [l] 

The courses of the Reynolds stress expressed by the 
relative value 

&=R[l -&] 
are plotted in Fig. 4. For practical application, 

substitute relationships for the coefficients A, 3, and c(, 
have been devised from their values at the discrete 
Reynolds numbers 

Re 
A = ,,=, 

1 a,Re”’ 

Re E (2600,lOOOO) (8) 

“=O 

q 
q, 

T 

r, 

0 0.5 10 

Y 

FIG. 4. Reynolds turbulent shear stress 7/r, and the ratio q/qw 

a,, = - 1.410632 x lo4 a4 = -1.447000x 10-10 

a, = 1.456988 x 10’ a5 = 9.706550 x lo- l5 

a, = - 5.841680 x 10e3 a6 = -3.426050 x lo-l9 

a3 = 1.222892 x 10m6 u, = 4.917500 x 10-24 

Re 
a=n=7 Re 6 (2500,lOOOO) (9) 

1 b,Re” 
n=O 

b, = 1.296640 x 10’ b, = 1.139080 x 1O-9 

b, = - 1.207270 x lo2 b, = -7.546700 x lo- l4 

b, = 4.794600 x 1O-2 b, = 2.639900 x lo- lx 

b, = -9.794400 x 10m6 b, = -3.764500 x 1O-23 

4440 

c(w = (Re- 1650)3’2 
Re E (2600,lOOOO). (10) 

The coefficient c1 reaches its maximum value at Re 

- 6 x 103. The vaIue of the coefficient SL,,, strongly 
increases with the decrease ofthe Reynolds number, till 
in the pure laminar flow equals the coefficient GL. The 
coefficient A, increases with Reynolds number. The 
coefficient A has minimum at Re - 2.9 x 103. At small 

Reynolds numbers, the coefficient A increases rapidly 
with the decrease of Re. In laminar flow, the coefficient 
A would reach any arbitrary value from the point of 
view of mathematics considering that owing to the 
equality c( = a, the effects of both particular stochastic 
processes do not manifest themselves. The change of 
nature of the turbulent transport is given by the 
coordinate of the inflexion point yi,, which, as can be 
seen in Table 1, is the dimensionless form yi+n practically 
constant (y,’ = 28 -+ 29) throughout all transition 
region of the flow. Considering only the basic terms 
containing the coordinate Y the following limit for 
a = a, follows for the eddy viscosity inflexion point 
coordinate from the second derivative of (1) : 

3. CONDITION OF TRANSITION 

FROM LAMINAR TO TURBULENT FLOW 

We shall start from a consideration, that the 
inception ofturbulent motion or stochastic processes in 
laminar flow is initiated at the point, where the 
conditions of transverse transport of momentum 
change their nature. For transverse transport in a flow 
of a medium the ratio q/qw, defined by the relation 

q/%v = ; 
s 

R 
UR dR, (12) 

0 

plays the decisive part. Its nature changes at the point, 
where it acquires the value q/q, = 1, conformable to the 
value corresponding to the pipe total cross section : 

2 

-s 

RI 

UR dR = 1. 
R, o 

(13) 
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The reason for use of the notation q/qw lies in the fact, 
that for the nonisothermal flow with constant heat flux 
density on the wall, q, = const., the relation (12) gives 
the distribution of the local heat flux density over the 
pipe cross section [3]. The course of the ratio q/q,w for 
Re = 7000 and laminar flow is plotted in Fig. 4. 

In laminar flow, where the velocity is expressed by 
the relation 

U = 2(1-R*) (14) 

the ratio q/qw is 

q/q,,, = 2R - R3. (15) 

The point where q/q, = 1 is given by the equation 
(16): 

R3-2R+l = 0 (16) 

with the following roots in the range (41) : 

R, = 1, and 

R, GO.618033988 (Y, = 1 -RI =0.381966012). 

We shall situate the inflexion point &,, of eddy 
viscosity in the limit o( = cc, to the point Ys where the 
conditions of transverse transport in laminar flow 
change their nature. Substituting YI = x, into (11) 
leads to the limit value CI = a, = 0.1945307. The values 
c( in Table 1 approach this value from above, the values 
a, from below. This limit value of coefficient a = a, 

characterising the inception of random disturbances 
holds throughout whole laminar flow region. 
Knowledge of this value allows us to determine also 
further characteristics of initiated disturbances, their 
dimensionless time scale Zh, = Zh,, = 0.041747 
among others. Constant characteristics of turbulent 
disturbances in laminar flow indicate the possibility to 
express the conditions of transition from laminar to 
turbulent flow in different form than by means of 
critical Reynolds number [3,4,5] Recri, N 2300 used in 
the present practice. 

By formal rearrangement of the expression for 
Reynolds number and its extension by the time scale of 
disturbances t,, the following expression is obtained : 

Re = 2rt”uS _ 2rfi ‘St, 
V % rw 

= $ Ho,. (17) 
C 

When the Reynolds number is expressed as a product 
of two criteria, the first criterion characterising 

turbulent disturbances by twice the reciprocal value of 
the Zhukowsky number for laminar flow 2r~/(v~~) is 
constant and has the value of47.908. The nature of the 
flow must be therefore determined by the value of the 
second criterion, Ho, = u&/r,, which is in the theory 
of similarity usually called criterion of homochronicity 
and which is a measure of expansion of disturbances in 
the flow. When Ho, < 2/Zh, the flow is Iaminar. 
Transition into turbulent flow occurs at Ho, = 2/Zh,. 
This condition leads to the value of critical Reynolds 
number 

Re,, = & ’ = 47.908’ = 2295.18. 
i > 

(18) 
cl 

For turbulent flow the condition Re > Recri, can be 
replaced by the equivalent inequality Ho, > 2/Zh,. 

Mutual relations between the criteria of homo- 
chronicity Ho, or Ho,,, and the criteria 2/Zh, or 
2/Zh,, in developed turbulent flow and also in the 
transition region are a measure of stability of the in- 
volved random processes in the core and near the wall. 
The values of criteria 2/Zh,, 2/Zh,,, Ho,,, and Ho,, 
are in Table I. 

4. CONCLUSION 

Values of coefficients in the expression for the eddy 
viscosity, which were derived from analysis of 
transition region between laminar and developed 
turbulent pipe flow, and the limit values of these 
coefficients allow us to determine the time scale of 
turbulent disturbances in laminar flow. This time scale 
is decisive for the flow transition. On its basis, it is 
possible to determine the theoretical value of critical 
Reynolds number Recrit = 2295.18. Relations between 
similarity ~rite~a Ho, = u,t,,/r,, or Ho,,, and 2/Zh, or 
2/Zh,, are a measure of stability of vortex processes in 
the core and the wall region of the flow. 

1. 

2. 

3. 
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5. 
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TRANSPORT TURBULENT DANS LA REGION ~ECOULEMENT DE TRANSrTION 

R&m&-Le modZle base sur la viscosit6 turbulente et p&sent& par l’auteur dans lnt. J. Heat Mass Transfer, 
26,479-508, 1983, est appliqui B l’analyse des conditions de transition entre laminaire et turbulent dans un 
tube, en utilisant les don&es exptrimentales de Rothfus dans Chem. Engng Prog. 4,533-538,1953. La valeur 
th6orique du nombre de Reynolds critique Rear,, = 2 295,18 pour la transition est ditermin&e B partir des 

valeurs Iimites des cara&ristiques du transport turbulent. 
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TURBULENZDIFFUSION IN DER UNENTWICKELTEN STRGMUNG 

Zusammenfassung-Das in Int. J. Heat Mass Transfer 26, pp. 479-508, 1983 veriiffentlichtes 
Turbulenzz2ihigkeitsmodell des Autors ist appliziert zur Analyse der unentwickelten Striimung in glatten 
Rohren auf dem Grunde der Rothfus’s experimentalen Daten von Chem. Eng. Prog. 49, 1953. Aus den 
Limitwerten der Turbulenzcharakteristiken ist der theoretische Wert der kritischen Reynoldszahl fiir die 

Grenze zwischen der laminaren und turbulenten Striimung Reh,i, = 2295.18 abgeleitet. 

TYPBYJIEHTHblH fIEPEHOC B IlEPEXOflHOfi 06JlACTM TEYEHMII 

Atmorai@rn-Monenb T,'&,WHTHOii BI13KOCTH. npeLlJlOW?HHa~ WITOPOM B PaHee Ony6JlHKOBttHHOii 

pa6ore [Int. J. Hear Mass Transfer 26. 479. 508 (1983)]. ncnonbsoaarta nna ananrisa nepexonnoti 
o6nacrw h4exQy JlaMHHapHblM II ,,a?BHTblM Typ6yneHTHbIM Te’leHAIIMN B Tpy6e “a OCHOBe 3KCIlCpW 

MeHTZU,bHblX ,QaHHbIX POT&Ca [Chen7. t?fl,qn~ Prog. 49, 533-538 (1983)]. M3 npenenbHbIX BeJIAYllH 

xapakreprtcrur TypFjyneHTHoro nepeHoca Teopemrectm HaAfleHa Benwma KpsTavecKoro wicna 

PetiHOnbnCa nt?peXOna 3aMHHapHOrO Te’ieHHR B Tpy6e B Typ6yneHTHOe. PC,, = 2’95.18. 


